We extend a Lie algebra expansion method recently introduced for the (2 + 1)-dimensional kinematical algebras to the expansions of the (3 + 1)-dimensional Galilei algebra. One of these expansions goes from the (3 + 1)-dimensional Galilei algebra to the Poincaré one; this process introduces a curvature equal to −1/c 2 , where c is the relativistic constant, in the space of worldlines. This expansion therefore reverses, at the Lie algebra level, the non-relativistic contraction c → ∞ from the Poincaré group to the Galilei one. The Galilei algebra allows another natural expansion to the Newton-Hooke algebras; these expansions which recover a non-zero spacetime curvature ±1/τ 2 , where τ is the Newton-Hooke universe time radius, are also studied by using the same method.
Introduction
Expansions of Lie algebras can be considered as the opposite processes of Lie algebra contractions. In general, starting from a Lie algebra a contraction gives rise to another more abelian algebra by making some structure constants to vanish [1]- [6] , while an expansion goes to another less abelian algebra 'producing' some non-zero structure constants [7] - [10] . The idea of contractions of Lie algebras and groups formerly appeared in relation with the non-relativistic limit where the relativistic constant c (the speed of light) goes to infinity; that limit brings relativistic mechanics (Poincaré group) to classical mechanics (Galilei group). The main goal of this paper is to reverse this limit at a Lie algebra level: we start from the (3 + 1)-dimensional Galilei algebra and we obtain the Poincaré one within the universal enveloping algebra of the former. With this in mind, let us recall first the basic structure of the Galilei algebra.
Let H, P i , K i and J i (i = 1, 2, 3) be the usual generators of time translation, space translations, boosts and spatial rotations, respectively. The Lie brackets of the (3 + 1)D Galilei algebra, G, are given by
(1.1)
where i, j, k = 1, 2, 3 and ε ijk is the completely skewsymmetric tensor, with ε 123 = 1.
Hereafter any generator or object with three components will be denoted as X = (X 1 , X 2 , X 3 ); its square and the product with other element, say Y = (Y 1 , Y 2 , Y 3 ), are
(1.
2)
The Galilei algebra has two Casimir invariants which read [11] :
where the components of W are
The second-order Casimir C 1 (which is related with the Killing-Cartan form) corresponds in the free kinematics of a particle in the Galilean spacetime to the square of the linear momentum (energy), while the fourth-order invariant C 2 can be identified with the square of the angular momentum.
We remark that the Galilei algebra is isomorphic to a twice inhomogeneous orthogonal algebra:
with the two abelian subalgebras t 4 , t 3 and the orthogonal subalgebra so(3) spanned by
As any kinematical algebra, G gives rise to two symmetric homogeneous spaces identified with the spacetime and space of (time-like) wordlines. According to the two involutive automorphisms parity P and the product PT (T is the time-reversal), defined by [12] PT :
we find two Cartan decompositions given by
(1.9)
Notice that both h (l) and p (l) are Lie subalgebras; the latter is an abelian one. Consequently, the Galilei group G ≡ IISO(3) is the motion group of the following symmetrical homogeneous spaces:
(1.10) The Galilei subgroups H (1) , H (2) (whose Lie algebras are h (1) , h (2) ) are the isotopy subgroups of an event and a time-like line, respectively. Therefore S (1) is identified with the (3 + 1)D Galilean spacetime, while S (2) is the 6D space of time-like lines in the Galilean spacetime S (1) . The curvature of both spaces is equal to zero, so that the Galilean spacetime is a flat universe with a degenerate metric of absolute-time, and the set of time-like lines is a flat rank-two space with a degenerate metric where the distance corresponds to the relative velocity.
By taking into account the spaces (1.10), two possible Galilei algebra expansions arise in a natural way. First, if we consider the space of worldlines S (2) we can try to obtain a Lie algebra for another kinematics whose corresponding space of time-like lines has a curvature different from zero but keeping a flat spacetime. This expansion allows us to reach the Poincaré algebra by introducing in a suitable way a (negative) curvature in S (2) equal to −1/c 2 . In this sense, this process is a relativistic expansion as it gives rise to the Minkowskian spacetime which is also a flat universe but of relative-time. This is exactly the opposite process to the well-known non-relativistic limit or contraction studied by Inönü and Wigner [1], Segal [2] and Saletan [3] . This contraction is also called speed-space contraction [12] and it corresponds to apply the limit c → ∞ in the Poincaré algebra.
The second possibility is to start with the proper Galilean spacetime S (1) and to reach a Lie algebra whose associated spacetime has a non-zero curvature but keeping a flat space of worldlines. In this way we obtain the two Newton-Hooke algebras by introducing a universe radius τ (measured in time units). This is a non-relativistic expansion as it provides curved universes whose curvature is κ = ±1/τ 2 but still of absolute-time. The opposite process is the so called spacetime contraction [12] characterized by the limit τ → ∞ in the Newton-Hooke algebras.
In this paper we extend the expansion method introduced in [10] for the (2 + 1)D kinematical algebras to the (3+ 1)D Galilei algebra. We recall that this procedure is based in the Casimirs of the initial (here Galilei) and the expanded algebra (either Poincaré or Newton-Hooke) with the curvature of the associated symmetric spaces playing the role of expansion parameter. We will show that this method is still applicable in spite of the fact that now we will deal with a fourth-order Casimir. Thus in the next Sections we study the above two possible Galilei Lie algebra expansions separately.
Recovering the speed of light: from Galilei to Poincaré
If we replace in the Galilei Lie brackets (1.1) the vanishing commutators
then we obtain the commutation rules of the Poincaré algebra P ≡ iso(3, 1). The two Poincaré Casimir invariants read [11] :
where the components of W ′ are defined by
( 2.3)
The Casimir C ′ 1 is the energy of the particle, while C ′ 2 is the square of the Pauli-Lubanski vector.
The Cartan decompositions (1.8) also hold for the Poincaré algebra although in this case the vector subspaces (2) in the relations (1.9). Therefore the Poincaré group P ≡ ISO(3, 1) is the motion group of the symmetric homogeneous spaces given by
where S (1) and S (2) are identified with the (3 + 1)D Minkowskian spacetime and the 6D space of time-like lines in Minkowskian spacetime, respectively.
The non-relativistic limit c → ∞ leads to the contraction P → G and makes the curvature of S (2) to vanish. Our aim now is to reverse this process, that is, to consider G as the initial Lie algebra, thus trying to recover P by introducing the relativistic constant c: G → P. By following the procedure introduced in [10] for the (2 + 1)D case, we have first to write the Poincaré Casimirs (2.2) as polynomials in the curvature that we aim to recover, which in this case is −1/c 2 . Explicitly,
where C 1 , C 2 are the Galilei Casimirs (1.3) and W is defined in (1.4). Now we asssume that we are working in the universal enveloping Galilei algebra within an irreducible representation and consider a linear combination provided by the terms of the Poincaré Casimirs which are linear in the curvature −1/c 2 :
where α 1 , α 2 are two constants that we have to determine. The new generators which we want to close the Poincaré algebra, X ′ k , are defined as the following functions of the Galilei generators X k [10] :
Thus we find that
Some commutators between elements of the universal enveloping Galilei algebra which are useful in the obtention of the above 'expanded' generators as well as in further computations are given in the Appendix.
The resulting expansion process is summarized by Theorem 1. The generators defined by (2.8) close the (3+1)D Poincaré algebra whenever the constants α 1 , α 2 satisfy
where c is the relativistic constant (the speed of light) and C 1 , C 2 are the Galilei Casimirs (1.3) which within an irreducible representation of G turn into scalar values.
Proof. The generators which are invariant in this expansion span the isotopy subalgebra of a time-like line h (2) = H, J . Hence by taking into account the second Cartan decomposition (1.8) it can be checked that the assumptions of the proposition 1 of [10] are automatically fulfilled, which in turn implies that the Lie brackets either between two generators belonging to h (2) , or between one generator of h (2) and another of p (2) remain in the same form as in the Galilei algebra, as it should be for Poincaré. Consequently, we have only to compute the 15 commutators that involve two generators of p (2) :
which must vanish again, and
which according to (2.1) must be now different from zero. As it is shown in (A.4), H, P i and W j commute amongst themselves, so that the three commutators [P ′ i , P ′ j ] are directly equal to zero. For the second type, let us compute for instance [P ′ 1 , K ′ 2 ]; if we consider (A.5) and (A.6) then we obtain that
(2.10)
We introduce (A.7), (A.8) and (1.3) thus finding that this bracket is equal to zero due to the identity (A.1):
The same happens for the five remaining Lie brackets [P ′ i , K ′ j ]. Similar computations allow us to deduce the three commutators [P ′ i , K ′ i ], all of them leading to same condition. Let us choose
By expanding, substituting the term −2P 2 P 3 W 2 W 3 from (A.3) and imposing the corresponding Poincaré bracket (2.1), we obtain that
which leads to the second relation of (2.9).
The last step is to compute the three commutators [
; each of them gives rise to the two conditions (2.9). Let us consider
(2.14)
In the terms that multiply H, we use the identity (A.1) as P 1 W 1 + P 2 W 2 = −P 3 W 3 , introduce the components W i (1.4) and group terms in order to 'construct' the Galilei Casimirs (1.3). Next we write the commutator (A.9) and group the terms multiplying each generator of rotations J i . It can be checked that those factors associated to J 1 and J 2 vanish directly. This gives .15) and by applying the identity (A.2) we finally obtain that
so that the theorem 1 is proven.
We would like to stress that the same procedure also holds for the expansion going from Galilei to the Euclidean algebra E ≡ iso(4). If we replace in all the Poincaré expressions the negative curvature −1/c 2 by a positive constant then we obtain the commutation rules, Casimirs, etc. corresponding to iso(4); note that this is equivalent to set c equal to a pure imaginary complex number. The expansion G → E would lead to similar 'expanded' generators and conditions as those characterized by the theorem 1. In this case, the symmetric space S (1) = ISO(4)/SO(4) is the 4D flat Euclidean space and S (2) = ISO(4)/(R⊗SO (3)) is a rank-two and positively curved 6D space of lines in Euclidean space.
Another point is worth remarking: instead of considering a combination J (2.6) involving only the first-order terms in the curvature as the 'seed' of the expansion, an apparently more general choice would have been to include also the second-order term M (2.5), that is, to take:
as the operator 'seed'. The new expanded generators defined by (2.7) would be then given by the expressions (2.8) plus additional terms depending on β (H ′ and J ′ would be again invariant). However it can be checked that the requirement of recovering the Poincaré commutation rules would imply to make β equal to zero (e.g. impose [P ′ i , P ′ j ] = 0). Therefore it appears that a seed with only the terms which are first-order in the curvature suffices to reproduce the whole Poincaré algebra starting from the Galilei one.
3 Recovering the universe time radius: from extended Galilei to Newton-Hooke
Besides the Poincaré and Euclidean algebras, the Galilei algebra has other two physically remarkable neighbours: the oscillating (or anti) and the expanding Newton-Hooke algebras [12] , hereafter denoted N + and N − , respectively. Both of them are the Lie algebras of the motion groups of absolute-time universes but with non-zero curvature κ. The commutation rules of N ± are obtained by substituting the vanishing Galilei commutators [H,
where the curvature can be expressed in terms of the universe time radius τ either by κ = 1/τ 2 for N + , or by κ = −1/τ 2 for N − ; notice that τ is a characteristic time [12] so that it is measured in time units. The Casimirs turn out to be [11] :
Due to the Lie brackets (3.1), the vector subspaces p (l) of the Cartan decompositions (1.8) verify now [p (1) , p (1) ] ⊂ h (1) and [p (2) , p (2) ] = 0. The Newton-Hooke groups N ± are the motion groups of the following symmetric homogeneous spaces
curv (S (2) ) = 0 (3.4) The spaces S (1) and S (2) correspond, in this order, to the (3 + 1)D non-relativistic curved spacetime and the 6D flat space of worldlines in these spacetimes; we remark that the natural metric in this last flat space is definite positive for the oscillating Newton-Hooke case (κ > 0) and indefinite, with signature (3, 3) for the expanding Newton-Hooke case (κ < 0).
The limit κ → 0, or equivalently τ → ∞, produces the spacetime contraction N ± → G. Now we consider the opposite situation and as in the previous Section we take G as the initial Lie algebra analysing the way of obtaining N ± by introducing the universe time radius τ (i.e. κ): G → N ± . With this in mind, we decompose the Casimirs (3.2) according to the curvature κ:
where C 1 , C 2 are the Galilei Casimirs (1.3). Therefore the linear combination depending on the linear terms in the curvature is simply
where α 1 is a constant to be determined. The relation (2.7) gives the expanded generators; they are H ′ = 2α 1 KP and all the remaining ones are unchanged. It can be straightforwardly checked that these new generators do not span the Newton-Hooke algebras; it is necessary to take an initial Lie algebra less abelian in order to be able to perform the expansion, which in turn means to consider the extended Galilei algebra as the starting point. This was exactly what already happened in the (2 + 1)D case [10] . Hence we introduce a central extension, with central generator Ξ and parameter m (the mass of the particle). The commutation rules of the centrally extended Galilei algebra G are given by (1.1) once the vanishing bracket [P i , K j ] is replaced by
We apply (2.7) with the element (3.6) for the Lie brackets of G, finding that the new expanded generators read
This expansion is characterized by Theorem 2. The generators defined by (3.8) give rise to the (3 + 1)D Newton-Hooke algebras provided that the constant α 1 fulfils
Proof. The generators which are unchanged in the expansion close the isotopy subalgebra of an event (a point in the spacetime) h (1) = K, J . Thus the proposition 1 of [10] can be applied and we only need to compute the 6 Lie brackets involving the generators of p (1) : H ′ and P ′ i . By direct computations we obtain
and the relation (3.9) is proven.
Concluding remarks
We have explicitly shown that the expansion method proposed in [10] for the (2 + 1)D kinematical algebras is also valid for the (3 + 1)D Galilei algebra and follows a similar pattern. However there is a new intriguing property: even if now there is a fourth-order Casimir (of Pauli-Lubanski type), depending cuadratically on the curvature, the terms of the expanded Casimirs required in the expansion are only those which are first-order in the curvature to recover. The number of these terms (or the number of Casimirs involved in the expansion) is equal to the rank of the homogeneous space behind the expansion. By one hand, the spacetime S (1) is a rank-one space and when we endow it with a non-zero curvature obtaining the Newton-Hooke algebras, the linear combination J has a single term (3.6). On the other hand, the space of time-like lines S (2) has rank-two and when we introduce the curvature reaching the Poincaré algebra, the combination J has two terms (2.6) so that in this case both Casimirs are essential. In this sense, we remark that further expansions from either Poincaré or Euclidean to the simple pseudo-orthogonal algebras, iso(p, q) → so(p+1, q) (in any dimension), are rank-one (they introduce curvature in S (1) ), and as is already known they only involve the second-order Casimir [7] .
In order to summarize, we represent the expansions studied in this paper collectively in the following diagram: 
Appendix: some relations in the universal enveloping Galilei algebra
We present some useful Lie brackets between elements of the universal enveloping Galilei algebra which are needed in the proof of the expansion to the Poincaré algebra. First, we write down some identities which are used in the obtention of the commutators listed below as well as in the computations of the expansion:
The first identity leads to other four ones: 
